ABSTRACT. We give a construction of a divergence-free vector field u 0 ∈ H s ∩ B 
INTRODUCTION
In recent years numerous results appear in the literature on well-posedness theory of the Euler and Navier-Stokes equations in Besov spaces (see for example, [1, 4, 5, 10, 13] and references therein). The best local existence and uniqueness result known for the Euler equation states that for any initial condition u 0 ∈ B n r +1 r,1 with 1 < r ≤ ∞, where n is the dimension of the fluid domain, there exists a unique weak solution u in space C([0, T ]; B n r +1 r,1 ), for some T > 0, such that u(t) → u 0 in B n r +1 r, 1 . The case of r = 2, n = 3 is especially interesting for it constitutes the borderline space for applicability of the standard energy method in proving local well-posedness (see [9] ). Notice that B In the second part of this note we address the question of ill-posedness for the Navier-Stokes equations in the critical Besov space X = B −1 ∞,∞ . We recall that the homogeneous spaceẊ =Ḃ −1 ∞,∞ is invariant with respect to the natural scaling of the equation in R n . Moreover it is the largest such space [4] . The non-homogeneous space considered in this note is even larger although (quasi-)invariant only with respect to the small scale dialations. In a recent work of Bourgain and Pavlovic [3] the authors constructed a mild solution to NSE with initial condition u 0 Ẋ < δ such that at a time t < δ the solution satisfies u(t) Ẋ > 1/δ. This shows the evolution under NSE is not continuous fromẊ to C([0, T ];Ẋ). In our Proposition 3.2, similar to the case of the Euler equation, we construct an initial condition U which belongs to all Besov spaces B 3/r−1 r,∞ in the range 1 < r ≤ ∞, -in particular U has finite energy -such that any Leray-Hopf weak solution starting from U does not return to U in the metric of inhomogeneous space X. This demonstrates an even more dramatic breakdown of NSE evolution in X as there is no continuous trajectory in X at all. More importantly our construction gives a simple model for the forward energy cascade, which is typically observed in turbulent flows [8] . Incidentally, the result proved in [7] shows that any left-continuous Leray-Hopf solution in X is necessarily regular.
We consider periodic boundary conditions for two main reason. Firstly, we do not make use of lower frequencies in our analysis, and secondly, our constructions become much more transparent. However with the technique developed in [6] the results can be carried over to the open space too.
Let us now introduce the notation and spaces used in this paper. We will fix the notation for scales λ q = 2 q in some inverse length units. Let us fix a nonnegative radial function χ ∈ C ∞ 0 (R n ) such that χ(ξ) = 1 for |ξ| ≤ 1/2, and χ(ξ) = 0 for |ξ| ≥ 1. We define ϕ(ξ) = χ(λ −1 1 ξ) − χ(ξ), and ϕ q (ξ) = ϕ(λ −1 q ξ) for q ≥ 0, and ϕ −1 = χ. For a tempered distribution vector field u on the torus T n we consider the Littlewood-Paley projections
So, we have u = ∞ q=−1 u q in the sense of distributions. We also use the following notation u ≤q = q p=−1 u p , andũ q = u q−1 + u q + u q+1 . Let us recall the definition of Besov spaces. A tempered distribution u belongs to B s r,l for s ∈ R, 1 ≤ l, r ≤ ∞ iff
INVISCID CASE
The Euler equation for the evolution of ideal fluid is given by
where u is a divergence free field on T n . By a weak solution to (2) we understand an L 2 -valued weakly continuous field u satisfying (2) in the distributional sense. Let us recall that all such solutions have absolutely continuous in time Fourier coefficients (see for example [11] ).
Our construction below is two-dimensional. So, we denote by e 1 , e 2 the vectors of the standard unit basis and define (2) with initial condition u(0) = u 0 . Then there is δ = δ(n, r, s) > 0 independent of u such that we have
Proposition 2.1. If u is a weak solution to the Euler equation
where s > 0 if r > 2, and
The rest of the section is devoted to the proof of Proposition 2.1. Let us denote X = B s r,∞ . We can make the assumption that for some
. Indeed, otherwise (3) follows immediately. Further proof is based on the fact that u 0 produces a strong forward energy transfer which forces u to actually escape from B s r,∞ unless (3) is met. To this end, let us consider frequencies ξ q = (λ q , 1). Let p(ξ) be the symbol of the Leray-Hopf projection. By a direct computation we have
We will prove the following estimate for the nonlinear term
for all u, v ∈ X and q ≥ −1. First, let us assume that r ≤ 2. Using the identity div(u ⊗ v) = u · ∇v and the Bernstein inequality we obtain
Using that
we have for the first sum
Similar estimate holds for the third term. We thus obtain (5).
In the case r > 2, we use the basic embedding L r ⊂ L r ′ instead of Bernstein's inequalities in (6)- (7). The rest of the argument is similar.
We have
for all t > 0. By our construction,û(ξ q , 0) = 0. On the other hand we can estimate using (5)
We can see that if the limit in (3) does not exceed δ = 1/(10C) then the integral becomes less than t/2. This implies that u(t) / ∈ X.
ILL-POSEDNESS OF NSE
Now we turn to the analogous question for the viscous model. The Navier-Stokes equation is given by (9) u t + (u · ∇)u = ν∆u − ∇p.
Here u is a three dimensional divergence free field on T 3 . We refer to [12] for the classical well-posedness theory for this equation. Let us recall that for every field U ∈ L 2 (T 3 ) there exists a weak solution u ∈ (9) such that the energy inequality holds for all t > 0 and u(t) → U strongly in L 2 as t → 0. In what follows we do not actually use inequality (10) which allows us to formulate a more general statement below in Proposition 3.2.
Let us fix a small ǫ > 0. Let us choose a sequence q 1 < q 2 < ... with elements sufficiently far apart so that λ 2 q i /λ q i+1 < ǫ. Let us fix a small c > 0 and consider the following integer lattice blocks:
Thus, A j , C j and their conjugates lie in the λ q j -th shell, while B j , B * j lie in the contiguous λ q j −1 -th shell. Let us denote e 1 (ξ) = p(ξ) e 1 and e 2 (ξ) = p(ξ) e 2 .
We define
where
and
Since U has no modes in the (q j + 1)-st shell,Ũ q j = U q j −1 + U q j .
Lemma 3.1. We have U ∈ B
3 r −1 r,∞ , for all 1 < r ≤ ∞.
Proof. We give the estimate only for one block. Using boundedness of the Leray-Hopf projection, we have for 
Let us now examine the trilinear term. We will use the following notation for convenience (12) u
Using the antisymmetry we obtain
Using Bernstein's inequalities we estimate
On the other hand, a straightforward computation show that
be a weak solution solution to the NSE with initial condition u(0) = U. Then there is δ = δ(u) > 0 such that (10) , then c can be chosen independent of u.
If in addition u is a Leray-Hopf solution satisfying the energy inequality
Proof. Using u q j as a test function we can write
Denoting E(t) = t 0 |∇u| 2 2 ds we obtain
for some positive constants c 1 and c 2 . We now show that if the conclusion of the proposition fails then for some small t > 0 the integral term is less than c 1 λ q j t/2 uniformly for all large j. This forces |ũ q j (t)| 2 2 λ q j t for all large j. Hence u has infinite energy, which is a contradiction.
So suppose that for every δ > 0 there exists t 0 = t 0 (δ) > 0 such that u(t) − U B −1 ∞,∞ < δ for all 0 < t ≤ t 0 . Denoting w = u − U we write
We will now decompose each triplet into three terms according to the type of interaction (c.f. Bony [2] ) and estimate each of them separately.
Using Lemma 3.1 along with Hölder and Bernstein inequalities we obtain
We have shown the following estimate:
(16) |A| δλ q j .
As to B we decompose analogously,
Again, using Lemma 3.1, Bernstein and Hölder inequalities we obtain
We thus obtain
Continuing in a similar fashion we write Now using a uniform bound on the energy |u(t)| 1 for almost all t ≥ 0, we estimate |C 3 | λ q j |w q j | ∞ |ũ q j | 2 ≤ δλ q j |∇ũ q j | 2 .
Thus, (18)
|C| δ|∇u| 2 − νE(t 0 ) + c 1 λ q j t 0 /2, for all j > j 0 , which shows that u(t 0 ) has infinite energy, a contradiction.
The last statement of the proposition follows from the fact that we have the bounds on |u(t)| 2 ≤ |U| 2 and E(t 0 ) ≤ (2ν) −1 |U| 2 2 which remove dependence of the constants on u.
